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The method of analysis is a combination of Sander’s thin shell theory and the classic finite element method, in

which the nodal displacements are found from the exact solution of shell governing equations rather than

approximated by polynomial functions. Piston theorywith andwithout a correction factor for curvature is applied to

derive aerodynamic damping and stiffness matrices. The influence of stress stiffness due to internal pressure and

axial loading is also taken into account. Aeroelastic equations in hybrid finite element formulation are derived and

solved numerically. Different boundary conditions of the shell, geometries, and flow parameters are investigated. In

all study cases, the shell loses its stability due to coupled-mode flutter and a traveling wave is observed during this

dynamic instability. The results are comparedwith existing experimental data andother analytical andfinite element

solutions. The present study shows efficient and reliable results that can be applied to the aeroelastic design and

analysis of shells of revolution in aerospace vehicles.

Nomenclature

�A� = coefficient matrix of shape functions; see
Appendix B.1

a1 = freestream speed of sound
�B� = coefficient matrix of strain vector; see Eq. (11)
�Cf� = global aerodynamic damping matrix
�cf� = local aerodynamic damping matrix
D = coefficient of elasticity matrix; see Eq. (6)
E = Young’s modulus
Fp = force vector due to the aerodynamic

pressure field
h = shell thickness
i = complex number,

p � 1
K = bending stiffness of shell; see Eq. (6)
�K� = global stiffness matrix for a shell
�Kf� = global aerodynamic damping matrix
�KI� = global initial stiffness matrix for shell
�k� = stiffness matrix for a shell element
�kf� = local aerodynamic stiffness matrix
�kI � = initial stiffness matrix for a shell element
L = shell length
l = element length
M = Mach number
�Ms� = global mass matrix for a shell
Mx,M�,Mx� = stress couples for a circular cylindrical shell
�m� = mass matrix for a shell element
�N� = shape functions; see Eq. (10)
Nx, N�, Nx� = stress resultant for a circular cylindrical shell
�Nx, �N� = stress resultant due to shell internal pressure

and axial compression
�P� = elasticity matrix
Pa = aerodynamic pressure
Pm, Px = shell internal pressure and axial compression
P1 = freestream static pressure

�Q� = coefficient matrix of strain vector;
see Appendix B.2

Qx, Q� = transverse stress resultant for a circular
cylindrical shell

R = shell radius
�R� = coefficient matrix of shape functions;

see Appendix B.1
�Rf � = coefficient matrix of aerodynamic pressure

field; see Appendix B.3
r = radial coordinate
r = vector; see Eq. (18)
�T� = coefficient matrix of shape functions;

see Appendix B.1.
Tt;1 = stagnation temperature
U = axial displacement
Ui = potential energy due to initial strain
U1 = freestream velocity
un = component of U associated with the nth

circumferential wave number
V = circumferential displacement
� = Poisson’s ratio
vn = component of V associated with the nth

circumferential wave number
W = radial displacement
wn = component ofW associated with the nth

circumferential wave number
x = longitudinal coordinate
� = adiabatic exponent
�i, �j = displacement at nodes i and j
� = strain vector
"x, "�, "x� = axial, circumferential, and shear strains for a

circular cylindrical shell
� = circumferential coordinate
�x, �� = bending strains for a circular cylindrical shell
�x� = twisting strain for a circular cylindrical shell
�j = complex roots of the characteristic equation;

see Eqs. (4)
� = shell density
�f = fluid density
� = stress vector
’xx, ’x�, ’n = elastic rotations for a circular cylindrical shell
! = oscillation frequency

I. Introduction

S HELLS and plates are key structures in aerospace vehicles. For
example, these elements are frequently used in the fuselage and
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engine nacelles of airplanes and the skin of space shuttles. As they are
exposed to external airflow and particularly supersonic flow,
dynamic instability and flutter become key considerations in the
design and analysis of skin panels. Cylindrical shells can also show
this kind of aeroelastic instability, and prevention of this behavior is
one of the primary design criteria faced by aeronautical engineers.

After introducing the application of piston theory in the aeroelastic
modeling presented by Ashley and Zartarian [1], a number of
interestingexperimental and theoretical studies [2–5]wereconducted
to investigate supersonicflutter of a cylindrical shell in the late 1960s.
In general, all of this researchwas concernedwith the development of
ananalytical relation todescribe theeffectofshell andflowparameters
onthecriticalflutter frequency.Aeroelasticmodelsweredevelopedby
applying the theory of shells (i.e., linear or nonlinear Donell shallow-
shell theory) in conjunction with linear or nonlinear piston theory to
account for fluid–structure interaction. The resulting governing
equations were treated numerically using the Galerkin method. In
most cases, the theorydidnot agreewellwithexperimentallyobtained
results [6].Acomprehensiveexperimental testwasdonebyOlsonand
Fung [2]. They examined the effects caused by shell boundary
conditions and the initial strain state due to internal pressure and axial
load. It was observed that a pressurized cylindrical shell fluttered at a
lower level of freestream static pressure than predicted by theory [3].
Later, Evensen and Olson [4,5] presented a nonlinear analysis for
calculating the limit cycle amplitude of a cylindrical shell using a
four-mode approximation for the shell deflection. They observed a
circumferentially traveling wave flutter similar to that occurring
during the experimental study in [2]. Dowell [7] also investigated the
behaviorof a cylindrical shell in supersonicflowfordifferentflowand
shell parameters. An extensive description of panel flutter modeling
has been reported in his book [8]. A study byCarter and Stearman [9]
showed that agreement between the theory and experiments reported
in the literature exists in cases that involve a small amount of static
preload acting on the shell. In an effort to compensate for the
disagreement of other cases, Barr and Stearman [10] presented an
overall improvement in the correlation between theoretical analysis
and experimental data by applying an initial imperfection and
prestabilitydeformationcausedbystatic loading. Ina follow-upstudy
[11], they found that supersonic flow has no influence on the critical
buckling load of a cylindrical shell while a small amount of axial load
significantly decreases the flutter speed of the shell. Amabili and
Pellicano [12] included geometric nonlinearities in their study,which
modeled the supersonic flutter of a circular cylindrical shell. Based
on the selection of expansion modes to discretize the aeroelastic
equations to facilitate their solution, they succeeded in capturing the
nonlinear behavior of the shell correctly. Amabili and Pellicano [13]
also applied the nonlinear piston theory with a shell imperfection to
reproduce the experimental data for a pressurized cylindrical shell. In
this case, results showthat thenonlinearpiston theoryhasno influence
on the onset of flutter but knowledge of axisymmetric imperfections
can help to predict it correctly.

There are also some researchers who focused on the numerical
solution of this problem. They developed their solutions using a
variational formulation. For example, the equations of virtual
displacements were solved using the finite element method (FEM).
Aeroelastic governing equations were derived by applying classical
shell theorybasedon theKirchhoff–Lovehypothesiscoupledwith the
piston theory for evaluation of aerodynamic forces. For example,
Bismarck-Nasr [14] developed a FEMapplied to supersonicflutter of
a circular shell subjected to internal pressure and axial loading. The
numerical results were compared with experimental and analytical
solutions.Ganapathi et al. [15]modeled an orthotropic and laminated
anisotropic circular cylindrical shell in supersonic flow using FEM
anddidaparametric study tosee theeffectofdifferent shellgeometries
on theflutter boundaries. Formore details, interested readers can refer
to the review paper presented by Bismarck-Nasr [16].

For such a problem, which contains complex structures, boundary
conditions, materials, and loading, an analyticalmodel becomes very
complicated to go through variation of all factors affecting the flutter
boundaries; therefore, numerical methods like FEM are considered a
powerful method for such an analysis. The first objective of the study

presented in this article was to adequately describe supersonic flutter
of a circular cylindrical shell and present a numerical model of
existing experimental data. The second objectivewas to determine an
efficient choice of shell theory for developing a finite element model.
Most of the published papers in the literature have applied general
linear or nonlinear shell theory based on the Kirchhoff–Love
hypothesis. These developments can only be applied to thin and
uniform shells. In cases ofmultilayered shells or shells of nonuniform
thickness (i.e., allowing for axial variation in thickness), difficulties
occur during the calculation of panel flutter. This study is focused on
the development of a circumferential hybrid element for a circular
cylindrical shell in supersonic flow. The procedure is similar to the
finite element development done for circular cylindrical shell by
Lakis and Paidoussis [17] and also Sabri and Lakis [18]. These
developments resulted in precise and fast convergence with few
numerical difficulties. The accuracyof thismethod iswell established
because the elastic displacement functions are derived directly from
the shell governing equations rather than approximated by poly-
nomial functions. The element is a cylindrical frustum instead of the
usual rectangular shell element. The linear Sander’s shell theory, in
which all the strains vanish for rigid-body motions but the other
theories are incapable of this attribute, is coupled with the linearized
first-order piston theory [1] including the curvature correction term
[19] to take into account fluid–structure interaction. Initial stress
stiffening in the presence of shell internal pressure and axial
compression is also applied in the formulation. Many researchers
tackle this problem analytically or numerically with lots of effort,
whereas this proposed method can be applied in a reliable way
without any computational cost and effort, particularly during the
preliminary stage of design during which different boundary
conditions and configurations have to be tested to find the optimum
design. The linear theory developed here is adequate to predict the
onset of flutter; however, nonlinear shell theory required to capture
the actual limit cycle amplitudes of flutter is left for future study.

II. Structural Modeling

A. Hybrid Element

Sander’s shell theory [20] is based on Love’s first approximation,
in which the inconsistency related to the fact that strains for small
rigid-body rotations of the shell do not vanish has been removed.
Using a cylindrical coordinate system, the equilibrium equations for
a cylindrical shell according to this theory [20] are
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where R is the mean shell radius; Nx and N� are the normal stress
resultants in axial and circumferential directions, respectively; and
Nx� represents the shear stress resultant in the x� plane.Mx andM�

are the stress couples in the axial and circumferential directions,
respectively, andMx� is the couple in thex� plane. InEq. (1),Qx is the
transverse stress resultant in the axial direction andQ� represents the
transverse stress resultant in the circumferential direction. The strain-
displacement equations for three infinitesimal displacements in the
axial U, radialW, and circumferential V directions are [20]
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In Eq. (2), "x and "� are the strains in the axial and circumferential
directions, respectively, and "x� represents the strain in the x� plane.
�x and �� are the axial and circumferential strains, respectively, and
�x� is the twisting strain for a circular cylindrical shell.

The stress-strain relations for anisotropic shells are given by

� � �P�� (3)

where �P� is the elasticity matrix for an anisotropic shell [21]. Upon
substitution of Eqs. (2) and (3) into Eq. (1), a system of equilibrium
equations can be obtained as a function of displacements:

LJ�U;W;V; Pij� � 0 (4)

where LJ (J� 1, 2, 3) are three linear partial differential equations
presented inAppendixA, andPij are elements of the elasticitymatrix
that, for an isotropic shell, are given by
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(5)

where

K � Eh3

12�1 � �2� D� Eh

1 � �2 (6)

and E is Young’s modulus, � is Poisson’s ratio, and h is the shell
thickness.

A circumferential cylindrical frustum based on the development
done in [17,18] is applied to generate the mass and stiffness
matrices of the structural model. This element type (see Fig. 1) has
two nodal circles with two nodal points: i and j. There are 4 degrees
of freedom at each node: axial, radial, circumferential displacement,
and rotation. This kind of element makes it possible to use thin shell
equations easily to find the exact solution of displacement functions
rather than an approximation with polynomial functions, as is done
in classic FEM. This element selection results in a hybrid element
for which the convergence criterion of the finite element method is
provided with greater accuracy. Considering the displacement in the
normal manner as

U�r; x; �� �
X
n

un�x� cos�n�� W�r; x; �� �
X
n

wn�x� cos�n��

V�r; x; �� �
X
n

vn�x� sin�n�� (7)

where n is the circumferential wave number, Lakis and Paidoussis
[17] found the exact analytical solution for displacements based on
the characteristic equation associated with a system of Eqs. (4). The
final form of the displacement functions was obtained as(

U�x; r; ��
W�x; r; ��
V�x; r; ��

)
� �N�

�
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�
(8)

where the nodal displacement vector f�g and matrix �N� are
defined by
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�N� � �T��R��A��1 (10)

In Eq. (10), the matrices �T�, �R�, and �A� are shown in
Appendix B.1. By introducing Eq. (8) into Eq. (2) the strain vector
can be found:
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wherematrix �Q� is given inAppendixB.2.Now the stress resultant is
found from Eqs. (11) and (3):

� � �P��B�
�
�i
�j

�
(12)

Therefore, the mass and stiffness matrices for each element are
derived [22]:

�m� � �h
ZZ
�N�T �N� dA �k� �

ZZ
�B�T �P��B� dA (13)

where � is the shell density and dA� rdxd�. For the entire shell
geometry, the standard assembly technique in FEM can be used
along with the application of the appropriate boundary conditions to
find the global mass and stiffness matrices. Further information
regarding the derivation of the stiffness and mass matrix equations
for this combinedfinite element analysiswith classic thin shell theory
can be found in [17].

B. Initial Stress Stiffness

The influence of membrane forces on the dynamic stability of a
cylindrical shell in the presence of supersonic airflow is investigated
here. These membrane forces are due to pressure differential across
the shell Pm and axial compression Px. It is assumed that the shell is
in an equilibrium condition and also has not reached its buckling
state. The initial in-plane shear, static bending, and transverse shear
are also ignored for this analysis. The stress resultants due to internal
pressure Pm and axial compression Px are

�N x ��
Px
2�R

�N� � PmR (14)

The potential energy due to this initial strain is equal to [23]
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where l is the element length,’xx is the strain rotation about the x axis,
’�� is about the normal to the x� plane, and’n is the rotation about the
normal to the shell element. This rotation vector is given by [20]
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If the displacements are replaced by Eq. (8), the potential energy in
terms of nodal degrees of freedom is generated:
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Fig. 1 Geometry of cylindrical frustum element.

SABRI AND LAKIS 75



where vector r is defined as
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The initial stiffness matrix for each element becomes
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With the help ofMaple software, analytical integration of Eq. (19)
for each element is done. After assembling the whole initial stiffness
matrix, it is added to the global stiffnessmatrix calculated in Eq. (13).

III. Aerodynamic Modeling

Piston theory is a powerful tool for aerodynamic modeling in
aeroelasticity. For a cylinder subjected to an external supersonic
airflow parallel to the centerline of the shell, the fluid–structure effect
due to external pressure loading can be taken into account using
linearized first-order potential theory [8] with (or without) the
curvature correction term [19]:
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where P1, U1, M, and � are the freestream static pressure,
freestream velocity, Mach number, and adiabatic exponent of air,
respectively. For sufficiently high Mach number (M � 2) and
neglecting the curvature term W

2R�M2�1�1=2, this equation is simplified to

the so-called linear piston theory [1]:
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where a1 is the freestream speed of sound.
The radial displacement can be developed based on an analytical

solution [18] in terms of �j, the complex roots of a characteristic
equation related to Eq. (4), and the oscillation frequency of the shell,
!. It can be written as
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In Sec. III.A, the pressure field for each aerodynamic loading
model is expressed in terms of nodal displacements.

A. Piston Theory

The pressure field expressed by Eq. (21) can be rewritten as
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Introducing Eqs. (8) and (22) into Eq. (23), the aerodynamic pressure
may be defined:
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where elements of matrix �Rf� are shown in Appendix B.3.

B. Piston Theory with the Curvature Term

Equation (20) includes the curvature term and can be used to
describe the aerodynamic pressure field as follows:
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where �1 is the freestream air density. It is seen that the freestream
static pressure and velocity can be linked using the following
equations:

U1 �M 	 a1 (26)

a1 �
�����������
�
p1
�1

r
(27)

C. Aerodynamic Damping and Stiffness

The general force vector due to the pressure field is written as:

F p �
ZZ
�N�Tfpag dA (28)

For example, using the piston theory to account for pressure
loading, Eqs. (10) and (24) can be substituted into Eq. (28) and the
aerodynamic damping, �cf�, and stiffness, �kf�, for each element can
be found:

�cf� � �A�1�T �Df��A�1� �kf� � �A�1�T �Gf ��A�1� (29)

where
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The same procedures can be done to derive the local damping and
stiffness matrices by inserting the different pressure fields mentioned

Table 1 Convergence test for shell case I

No. of elements !1, Hz !2, Hz !3, Hz !4, Hz P1, Pa ncritical

6 318.836 320.253 333.286 367.256 689 26
8 303.339 307.551 323.062 357.826 2296 26
10 297.195 302.330 318.605 353.346 2930 26
13 293.237 298.898 315.574 350.165 3316 26
15 291.922 297.747 314.549 349.079 3440 26
16 291.455 297.343 314.204 348.744 3488 26
19 268.218 275.048 294.877 335.063 3578 25
20 268.047 274.899 294.742 334.912 3592 25
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in Sec. III.B into Eq. (28). Finally, global aerodynamic damping
�Cf� and aerodynamic stiffness �Kf � matrices are found using the
assembling procedure.

IV. Aeroelastic Model in Finite Element Method

The governing equation of motion in a global system for a
cylindrical shell exposed to an external supersonic flow is

�Ms�f ��g � �Cf�f _�g � ��Ks� � �KI � � �Kf ��f�g � 0 (31)

where the subscripts s and f refer to a shell in vacuo and fluid,
respectively, and I refers to a shell under axial compression and/or
pressurized. To find the aeroelastic behavior of a shell, eigenvalues
and eigenvectors of Eq. (31) are found by means of the equation
reduction method. Equation (31) is therefore rewritten as
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where!0 is the first element of the elasticity matrix in Eq. (5) and the
total stiffness matrix is

�K� � �Ks� � �KI � � �Kf � (33)

The corresponding eigenvalue problem is given by�����DD� � 1

!0�
�I�
�����0 (34)

where �I� is the identity matrix, � is the eigenvalue (complex
frequency of the system), and �DD� is
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�0� �I�

1
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0

�K�1��Ms� � 1
!0
�K�1��Cf�

� �
(35)

Matrices �Ms�, �Cf�, and �K� are square matrices of order
NDF�N � 1�, where NDF is the number of degrees of freedom at
each node and N is the number of elements used to discretize the

shell geometry. Dynamic stability of the shell is investigated by
studying the eigenvalues in the complex plane. The flutter onset
occurs when the imaginary part of the eigenvalue changes from
positive to negative.

V. Numerical Results and Discussion

In this section, numerical results are compared with existing
experimental data and the analytical and numerical solutions. In all of
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Table 2 Comparison of shell flutter boundary

at M � 3 and px � pm � 0

P1, Pa ncritical L, m � E, Pa

Experimental results [2] 2620–2896 20 0.381 0.35 11 
 1010

Analytical results [9] 2896 24 0.406 0.33 8:9 
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these studies, shell geometry and flow parameters have the following
similar features: E� 16 
 106 lb=in: (11 
 1010 N=m2), �� 0:35,
h� 0:0040 in: (0.0001015 m), L� 15:4 in: (0.381 m), R�
8:00 in: (0.203 m), �� 0:000833 lb 	 s2=in:4 (8900 kg=m3), M�
3:00, a1 � 8400 in:=s (213 m=s), and Tt1 � 120�F (48.90�C),
where Tt1 is the freestream stagnation temperature. This set of data
was taken from the experiments done by Olson and Fung [2,3] in the
NASA Ames Research Center (here referred to as case I). It is
necessary to mention that in some of references different values
forL� 16 in: (0.406m),E� 13 
 106 lb=in:2 (8:9 
 1010 Pa), and
�� 0:33 have been reported (referred to as case II). As a
consequence, in the present analysis a comparison of numerical
results was sought for each given set of data.

A. Convergence Test

In finite element analysis, the number of elements has a significant
influence on the final results. Therefore, a set of calculations (for
case I) was done to find the appropriate number of elements for shell
discretizing. As shown in Table 1, convergence of the natural
frequency using 20 elements is sufficient for further analysis.

B. Boundary Condition

For the test case in [3], the shell tested in a supersonic wind tunnel
had complex boundary conditions. To obtain reliable numerical
results, two different boundary conditions were applied to find the
effective ends. The numerical prediction of natural frequencies is
shown in Fig. 2 along with the experimental data of Olson and Fung
[2]. For low values of circumferential mode number, n, the free

simply supported boundary �V �W � 0� lies between the
experimental and simply supported ends (V �W �U� 0). For
high values of n, these two conditions approach each other and the
experimental results lie above both of them. This discrepancy has
been reported because of errors during measurement of the shell
thickness [2]. It seems that the free simply supported case offers a
good approximation to present effective ends of the shell during the
flutter calculation, particularly for large values of the circumferential
wave number.

C. Validation

For both sets of data (cases I and II), numerical results of this study
compared to the experimental, theoretical, and numerical analyses
are presented in Table 2. In all of the cases, instability occurred in the
form of coupled-mode flutter. The proposed FEM shows very good
agreement with experimental and analytical results and also has
better capabilities for aeroelastic stability prediction in terms of
critical p1 and n compared to the other FEMmethods. In Fig. 3, the
results of flutter boundary for the pressurized shell have been
presented and compared with the analytical experimental data of [3].
It can be seen that both studies predict a larger stabilizing effect of
the moderate shell internal pressure than the experiments.

D. Effect of the Curvature Term of Piston Theory

Figure 4 shows some typical complex frequencies versus
freestream static pressure, P1, for n� 25. Only the first and second
axial modes are shown (m� 1, 2). Aerodynamic pressure is
evaluated using Eq. (20). In Fig. 4a, the real part of the complex
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frequency for the first mode increases whereas, for the second mode,
it decreases asP1 increases. For higher values ofP1 these real parts
eventually merge into a single mode. If P1 is increased still further,
the shell loses stability at P1 � 3592 Pa. This instability is due to
coupled-mode flutter because the imaginary part of the complex
frequency (which represents the damping of the system) crosses the
zero value (see Fig. 4b) and makes the vibration amplitude grow.
Figure 5 presents the complex frequencies of the aerodynamic
pressure if Eq. (21) is used for the calculation. The real and imaginary
parts of the first and second modes show the same behavior as the
freestream static pressure increases, but the onset of flutter is at
P1 � 4136 Pa. Prediction of the critical freestream static pressure
using Eq. (20) provides a closer match to experimental results than
evaluating the pressure field using Eq. (21). As expected, the piston
theory with the correction term to account for shell curvature
produces a better approximation for the pressure loading acting on a
curved shell exposed to supersonic flow.

E. Effect of Initial Strain and Aspect Ratio

To investigate the effect of shell internal pressure, complex
frequencies for the critical circumferential wave number n� 23with

shell internal pressure Pm � 3447 Pawere calculated and are shown
in Fig. 6. In this case the critical freestream static pressure is
P1 � 6894 Pa; due to the increase in stiffness of the shell because of
applied internal pressure, flutter onset occurred at a higher value of
P1. In Fig. 7, the flutter boundary for the shell geometry of case II
under different internal pressures is shown. The lowest critical value
of freestream static pressure for each circumferential wave number
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becomes largerwhenPm is increased. It is observed that shell internal
pressure has a stabilizing influence. Note that experiments [2]
demonstrated that for moderate values of Pm the shell loses it
dynamic stability up to an even unpressurized level whereas small
and high values ofPm stabilize the shell completely. This behavior is
explained quite well by considering shell imperfections during the
analysis [9,13]. The effect of axial compression on the flutter
boundary is also shown in Fig. 7. The axial load Px decreases the
stiffness of the shell, which results in a lower critical freestream static
pressure than an unstressed shell. Figure 8 shows the case of different
L=R ratios. The critical freestream static pressure for a lower ratio of
L=R increases rapidly and the critical circumferential wave number
also increases. For L=R� 4 the shell loses it stability at n� 18 and
P1 � 1179 Pa, whereas forL=R� 1 the onset of flutter is at n� 31
and P1 � 10582 Pa.

F. Effect of Freestream Static Pressure on the Mode Shape

The normalized radial, axial, and circumferential mode shapes for
different values of P1 are shown in Fig. 9. Here Eq. (20) is used to
account for aerodynamic loading. When P1 � 0:0 Pa the
eigenvectors are pure real and represent the free vibration of the
shell in standing wave forms. For low values of freestream static
pressure the eigenvectors are complex in regions where the
imaginary part is close to zero and become negligible, but as P1
increases each eigenvalue takes a complexmode shape, which can be
represented by two real mode shapes. They are commonly called
cosine and sine modes and are phase shifted by 90 deg. As a result,
nodes and antinodes travel along the shell circumferentially and this
means that the mode shapes contain traveling wave components.
This behavior was also observed in the experiments [2]; the flutter
motions were traveling wave forms with moving node lines.

G. Effect of Shell Boundary Conditions

To establish the effects of shell boundary conditions on the critical
freestreamstaticpressures, some typicaldataareshowninTable3.For
the same shell geometry and flow parameters, the shell with one end
free and the other end as simply supported loses its dynamic stability
first. When both ends are free, flutter onset occurs with second- and
third-mode coupling. For the other boundary conditions flutter onset
starts by coalescence of the first and second longitudinal modes.

VI. Conclusions

A hybrid finite element method in which the shape functions are
found from the exact solution of Sander’s shell theory resulted in a
fast and efficient convergence to analyze the dynamic stability of
circular cylindrical shells subjected to external supersonic flow.

The present approach has better agreement with existing
experimental data than other analytical and FEM analyses for
prediction of flutter onset. It is observed that piston theory with a
curvature term provides a better approximation to account for fluid–
structure interaction in supersonic airflow conditions. Numerical
results are obtained for different shell boundary conditions and
geometries. In all the study cases, only one type of instability is
found, namely, coupled-mode flutter in the form of traveling wave
flutter, mostly in the first and second longitudinal modes.

This proposed hybrid FEM provides the capability to apply
different complex boundaries and geometries for a cylindrical shell.
This can be used effectively in the design and analysis of aerospace
structures. Reliable results can be obtained at less computational cost

compared to commercial FEM software and analytical methods,
which imposes some restrictions when such analysis is done.

Subsequent work to this study is presently being prepared to deal
with the effect of geometry and aerodynamic nonlinearities on
flutter boundaries. This should improve the reliability of the FEM
package.

Appendix A: Structural Equilibrium Equations

Sander’s linear equation for thin cylindrical shells in terms of
axial, tangential, and circumferential displacements is as follows
[Eq. (4)]:
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Appendix B: Coefficient Matrices

I. Shape Functions

Matrices �T�3
3, �R�3
8, and �A�8
8 are defined as

�T� �
cos�n�� 0 0

0 cos�n�� 0

0 0 sin�n��

2
4

3
5 R�3; i� � 	ie�ix=R

R�2; i� � e�ix=R; R�1; i� � 
ie�ix=R i� 1; 2; . . . ; 8

A�1; i� � 	i; A�2; i� � 1; A�3; i� � �i
R
; A�4; i� � 
i

A�5; i� � 	ie�il=R A�6; i� � e�il=R; A�7; i� � �i
R
e�il=R

A�8; i� � 
ie�il=R i� 1; 2; . . . 8

Table 3 Critical freestream static pressure for different

shell boundary conditions, Px � Pm � 0

Case I P1, Pa ncritical Coupled mode
Free simply supported at one end,
free at the other end

2668 25 1–2

Free simply supported at both ends 3592 25 1–2
Free at both ends 3545 25 2–3
Clamped at both ends 4791 25 1–2
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II. Strain Vector

The elements of matrix �Q� of order 6 
 8 are given by

Q�1; i� � 	i
�i
R
e�ix=R; Q�2; i� � 1

R
�n
i � 1�e�ix=R

Q�3; i� � 1

R
�
i�i � n	i�e�ix=R Q�4; i� � �

�
�i
R

�
2

e�ix=R

Q�5; i� � 1

R2
�n2 � 
in�e�ix=R

Q�6; i� � 1

R2

�
2n�i �

3

2

i�i �

1

2
n	i

�
e�ix=R i� 1; 2; . . . 8

III. Fluid Pressure Field

The elements of matrix Rf of order 3 
 8 in Eq. (25) are

�Rf� �
0 . . . 0

ei��1x=R� . . . ei��8x=R�

0 . . . 0

2
4

3
5
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